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Given a measurable space ðX;FÞ and two F -Borel measurable functions X, Y, Armstrong [2] proves that, if X, Y are Lebes-
gue integrable w.r.t. a probability measure P and are comonotonic, then the following well known Chebyshev inequality:Z
X
XY dPP
Z
X
XdP
  Z
X
Y dP
 
ð1Þholds; conversely, if (1) holds for any probability measure P, then X, Y are comonotonic. Consequently, keeping in mind the
linearity of Lebesgue integral w.r.t. positive linear combinations of measures, we have that, if X, Y are Lebesgue integrable
w.r.t. a real measure l and are comonotonic, then the following modiﬁed Chebyshev inequality:klk
Z
X
XY dlP
Z
X
Xdl
  Z
X
Y dl
 
ð2Þholds (with klk = l(X)); conversely, if (2) holds for any real measure l, then X, Y are comonotonic.
In this paper, motivated by this result and the growing interest in studying the validity of (1) for Sugeno integral in the
setting of fuzzy measures (see [4,6] and see [1,5] for a generalization in which a suitable operation on [0,+1[2 is considered
in (1) instead of the product operation), we prove that X, Y are comonotonic iff the following version of Chebyshev inequality:klkS
Z
X
1
klkXY dlP S
Z
X
Xdl
 
S
Z
X
Y dl
 
ð3Þholds for any real non-null monotone set function (not necessarily upper and/or lower continuous) l on F , where S R
denotes the Sugeno integral. We also supply an extension of theorems 2.6, 2.7 in Ouyang et al. [6].. All rights reserved.
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B. Girotto, S. Holzer / International Journal of Approximate Reasoning 52 (2011) 444–448 445Now, we are going to recall brieﬂy some notion and notation useful in the sequel. We shall denote by x (with or without
indices) any element of X. Any set function l : F ! ½0;þ1 is called a monotone set function if the following properties are
satisﬁed:
(a) l(;) = 0;
(b) F1  F2 implies l(F1) 6 l(F2) (monotonicity);moreover, l is called real if klk = l(X) < +1.Given a real k > 0, we denote by kx the 0–k valued Dirac measure at x (i.e. kx(F) = k, if x 2 F, and kx(F) = 0, if x R F).
Henceforth, X, Y, Z always denote non-negative real-valued functions on X which are F -Borel measurable. Moreover, gi-
ven X, we put {XP a} = {x:X(x)P a} for any aP 0. Finally, we recall that X, Y are said to be comonotonic if X(x1) > X(x2)
and Y(x1) < Y(x2) is impossible for any x1, x2 (i.e. (X(x1)  X(x2))(Y(x1)  Y(x2))P 0 for any x1, x2).
Now, given the monotone set function space ðX;F ;lÞ, the Sugeno integral of X w.r.t. l is deﬁned as:S
Z
X
Xdl ¼
_
aP0
½a ^ lðX P aÞ :¼ sup
aP0
min a;lðfX P agÞð Þ:2. Main results
We start with some lemmas. Note that the equivalence (i), (ii) in the next lemma is proved in Wang and Klir [7] for
fuzzy measures.
Lemma 2.1. Given b > 0, the following statements are equivalent:
(i) S
R
X XdlP b;
(ii) l(XP a)P b, for any a < b;
(iii) There is a strictly increasing sequence (an)nP1 such that an " b and l (XP an)P b for any n.Proof. (i)) (ii) Assume (ii) is not true, i.e. there is a < b such that l(XP a) < b. Then, d = a _ l(XP a) < b, so that (recall
l(XP c) is decreasing w.r.t. c)S
Z
X
Xdl ¼
_
cP0
c ^ lðX P cÞ½  ¼
_
c2½0;d½
c ^ lðX P cÞ½  _
_
cPd
c ^ lðX P cÞ½  6 d _ lðX P dÞ 6 d _ lðX P aÞ ¼ d < b:(iii)) (i) It is enough to observe that S RX XdlP an ^ lðX P anÞP an ^ b ¼ an for any n. This completes the proof. h
In the next lemma we supply some rules of calculus for Sugeno integral.
Lemma 2.2. The following statements hold:
(i) S
R
X XdðklÞ ¼ kS
R
X
1
k X dl, for any real k > 0;
(ii) Let ‘P S
R
X Xdl. Then, S
R
X Xdl
ð‘Þ ¼ S RX Xdl, where l(‘) (F) = ‘ ^ l(F) for any F 2 F ;
(iii) Given real numbers a, b > 0, let x1, x2 and Z be such that Z(x1) 6 Z(x2). Then, S
R
X Zdðax1 þ bx2 Þ ¼ ½Zðx1Þ^
ðaþ bÞ _ ½Zðx2Þ ^ b.Proof
(i) Given a real number k > 0, we haveS
Z
X
XdðklÞ ¼
_
aP0
a ^ klðX P aÞ½  ¼ k
_
aP0
a
k
^ l 1
k
X P
a
k
  
¼ k
_
bP0
b ^ l 1
k
X P b
  
¼ kS
Z
X
1
k
X dl:(ii) On noting that l(+1) = l, assume ‘ < +1. Given aP 0, from ‘P S RX XdlP a ^ lðX P aÞ we have a ^ l(XP a) =
‘ ^ (a ^ l(XP a)) = a ^ (‘ ^ l(XP a)) = a ^ l(‘)(XP a). Therefore, S RX Xdlð‘Þ ¼ S RX Xdl.
(iii) It is enough to observe thatðax1 þ bx2 ÞðZ P aÞ ¼
aþ b if a 6 Zðx1Þ
b if Zðx1Þ < a 6 Zðx2Þ
0 if a > Zðx2Þ:
8<
:This completes the proof. h
The following lemma assures that the well known change of variables rule holds for Sugeno integral, as well.
446 B. Girotto, S. Holzer / International Journal of Approximate Reasoning 52 (2011) 444–448Lemma 2.3. Let T:X? [0,+1[ be a F -Borel measurable function and I an interval including T(X). Deﬁne the monotone set
function lT = lT1 as:lTðBÞ ¼ lðT1ðBÞÞ
for any Borel set B in I. Then, for any Borel measurable function f: I? [0,+1[, we have:S
Z
X
f ðTÞdl :¼ S
Z
X
f  T dl ¼ S
Z
I
f dlT :Proof. We haveS
Z
I
f dlT ¼
_
aP0
a ^ lTðf P aÞ
  ¼ _
aP0
a ^ lðT1ðf P aÞÞ
h i
¼
_
aP0
a ^ lðf  T P aÞ½  ¼ S
Z
X
f ðTÞdl:This completes the proof. h
Now, we are able to prove, for comonotonic functions, two Chebyshev type inequalities for Sugeno integral w.r.t. a real
non-null monotone set function l (without any lower continuity and/or upper continuity assumption on l).
Theorem 2.4 (Main theorem). Let X, Y be comonotonic. Then, the following inequalitiesðklk _ 1ÞS
Z
X
XY dlP klkS
Z
X
1
klkXY dlP S
Z
X
Xdl
 
S
Z
X
Y dl
 hold for any real non-null monotone set function l.Proof. Let 0 < klk < +1. Note that the former inequality does not depend on the comonotonicity hypothesis. Indeed, if
klk 6 1, by Lemma 2.2(i), we haveklkS
Z
X
1
klkXY dl ¼ S
Z
X
XY dðklklÞ 6 S
Z
X
XY dl;on noting that klkl 6 l. If klk > 1, then 1klkXY 6 XY and hence, by monotonicity of Sugeno integral,
S
R
X XY dlP S
R
X
1
klkXY dl.
In order to verify the latter inequality, let X, Y be comonotonic. The proof is carried out in two steps.
1. Let klk = 1. By putting T = X + YP 0, there are, by Proposition 4.5(v) in Denneberg [3], two continuous increasing func-
tions f1, f2: I? [0,+1[ such that I = [infT(X),+1[ and X = f1(T), Y = f2(T). Consequently, by Lemma 2.3, we haveS
Z
X
Xdl ¼ S
Z
I
f1 dlT ; S
Z
X
Y dl ¼ S
Z
I
f2 dlT ;
S
Z
X
XY dl ¼ S
Z
X
ðf1f2Þ  T dl ¼ S
Z
I
f1f2 dlT :Now, letai ¼ S
Z
I
fi dlT 6 klTk ¼ 1 ði ¼ 1;2Þ ð4Þand suppose a1, a2 > 0 (otherwise, the inequality is trivial). Given a natural number n, fromf1f2 P a1  1n
 
a2  1n
  	
 f1 P a1  1n
 	
\ f2 P a2  1n
 	we getlT f1f2 P a1 
1
n
 
a2  1n
  
P lT f1 P a1 
1
n
 	
\ f2 P a2  1n
 	 
¼ min
i¼1;2
lT fi P ai 
1
n
 
;where the equality holds since the intersection is equal to one of the two sets, on noting that fi is increasing on I(i = 1,2).
Consequently, recalling (4), by Lemma 2.1 ((i)) (ii) with b = ai and a ¼ ai  1n), we getlT f1f2 P a1 
1
n
 
a2  1n
  
Pminða1; a2ÞP a1a2:
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Z
I
f1f2 dlT P a1a2 ¼ S
Z
I
f1 dlT
 
S
Z
I
f2 dlT
 
;so that the desired inequality immediately follows.
2. Let klk– 1 and l0 ¼ 1klkl. Then, by Lemma 2.2(i) and step 1 (note that 1klkX; 1klkY are comonotonic), we haveklkS
Z
X
1
klkXY dl ¼ klkS
Z
X
1
klkXY dðklkl
0Þ ¼ klk2 S
Z
X
1
klkX
 
1
klkY
 
dl0
P klk2 S
Z
X
1
klkXdl
0
 
S
Z
X
1
klkY dl
0
 
¼ klkS
Z
X
1
klkXdl
0
 
klkS
Z
X
1
klkY dl
0
 
¼ S
Z
X
Xdl
 
S
Z
X
Y dl
 
:This completes the proof. hRemark 2.5
(i) The Chebyshev type inequalityðklk _ 1ÞS
Z
X
XY dlP S
Z
X
Xdl
 
S
Z
X
Y dl
 
considered in main theorem, becomes (1), if klk 6 1, and (2), if klk > 1.
(ii) We supply two examples in order to show that both inequalities considered in the previous theorem may be strict,
either klk < 1 or klk > 1. Let X be an interval of the real line, F the Borel r-ﬁeld on X and k the Lebesgue measure
on F . Moreover, let X(x) =x and Y(x) = 2x for any x. Now, let X = [0,3] and l = k. Then, by a straightforward
calculus, we get S
R
X Xdl ¼ 32 ; S
R
X Y dl ¼ 2 and S
R
X
1
klkXY dl ¼ S
R
X
1
3XY dl ¼ 32 ; S
R
X XY dl ¼ 2. Finally, consider
X = [0,3] and l ¼ 12 k. Then, by a straightforward calculus, we get S
R
X Xdl ¼ 13 ; S
R
X Ydl ¼ 25 and S
R
X
1
klkXY dl ¼
S
R
X 2XY dl ¼ 17
ﬃﬃﬃﬃ
33
p
32 ; S
R
X XY dl ¼ 9
ﬃﬃﬃﬃ
17
p
16 .
The following corollary generalizes Theorems 2.6 and 2.7 in Ouyang et al. [6].
Corollary 2.6. Let X, Y be comonotonic and S
R
X Xdl 6 1; S
R
X Y dl 6 1. Then,S
Z
X
XY dlP S
Z
X
Xdl
 
S
Z
X
Y dl
 
:Proof. Assume klk > 0. Then, by main theorem and Lemma 2.2(ii), we haveS
Z
X
XY dlð1Þ ¼ ðklð1Þk _ 1ÞS
Z
X
XY dlð1Þ P S
Z
X
Xdlð1Þ
 
S
Z
X
Y dlð1Þ
 
¼ S
Z
X
Xdl
 
S
Z
X
Y dl
 
:Consequently, on noting that lP 1 ^ l = l(1), the thesis immediately follows from S RX XY dlP S RX XY dlð1Þ. h
Finally, we are going to prove our characterization of comonotonicity via Chebyshev type inequality (3).
Theorem 2.7 (Characterization theorem). The following statements are equivalent:
(i) X, Y are comonotonic;
(ii) The inequality (3) holds for any real non-null monotone set function l;
(iii) The inequality (3) holds for any uniform two-points measure l (i.e. l ¼ ax1 þ ax2 , with a > 0 and x1–x2).Proof. By main theorem, it is enough to verify only (iii)) (i). Assume X, Y to be non comonotonic, i.e. there are x1, x2 such
that (X(x2)  X(x1))(Y(x2)  Y(x1)) < 0. Without loss of generality, suppose X(x1) < X(x2) and Y(x1) > Y(x2). Now,
let aPmax{X(xi),Y(xi):i = 1,2} andl ¼ ax1 þ ax2 . Then, by Lemma 2.2(iii), we have S
R
X Xdl ¼ Xðx2Þ; S
R
X Y dl ¼ Yðx1Þ andklkS
Z
X
1
klkXY dl ¼maxi¼1;2 XðxiÞYðxiÞ < Xðx2ÞYðx1Þ;on noting that aPmaxi¼1;2
XðxiÞYðxiÞ
2a . Consequently, (3) does not hold for the given l. h
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